Abstract. An existing particle-in-cell (PIC) numerical method developed for the study of two-layer mesoscale motions with outcropping pycnocline is applied to lens-like anticyclonic vortices and buoyant coastal currents. From a first series of experiments investigating the evolution of an initially elongated lens-like anticyclone, it is found that motions induced in the lower layer act only to increase the rotation of the vortex structure and do not appear to affect the process of eccentricity reduction (partial axisymmetrization). Eccentricity reduction, if any, produces a final vortex of aspect ratio between 1.8 and 1.9, a value that is very close to the stability threshold of large, reducedgravity lenses. A second series of experiments devoted to vortex mergers determines how the maximal separation distance for which two circular anticyclonic lenses merge spontaneously varies with vortex size (ratio of lens radius to deformation radius) and stratification (ratio of lens central thickness to ocean depth). A third series of experiments considers the interaction of a lens vortex in the upper layer with a potential-vorticity anomaly in the lower layer. "Second-hand" relative vorticity, generated in the lower layer under the action of vertical stretching induced by the movement of the upper-layer vortex, interacts with "first-hand" relative vorticity, created by the existing potential-vorticity, to create effects similar to those predicted by studies of two-layer point vortices (hetons). Finally, the PIC method is generalized to simulate the finite-amplitude instability of a buoyant geostrophic/hydrostatic intrusion flowing along a vertical coastal wall. Those results, however, are reported here more as a demonstration on how the PIC method can be extended to include coastal boundaries than as a thorough investigation of coastalcurrent instabilities.
Introduction
A substantial portion of the ocean's energy is contained in the so-called mesoscale activity, the internal weather of the sea. These motions, with length scales of the order of the first baroclinic radius of deformation (20-200 km), are mostly comprosed of jets and vortices [Robinson, 1983] . Their length scale implicates geostrophy, and, consequently, their relative high velocities are accompanied by substantial vertical displacements of density surfaces, causing on numerous occasions their outcrop through the surface. Examples are the north wall of the Gulf Stream, the periphery of its detached rings, the offshore edge of coastal intrusions, and upwelling fronts. We shall use here the word "front" to describe the surface outcropping of a pycnocline or, in the context of a layered model, the surfacing of a density interface. Indeed, such outcropping causes important horizontal density gradients along the surface and corresponds to a frontal zone.
Since geostrophy places a high degree of relation between horizontal density gradients and velocities (via the thermalwind balance), fronts are accompanied by flow fields that are highly sheared in the horizontal and thus subject to barotropic instability, while the sloping density surfaces contain available Outcropping of density surfaces, however, creates severe problems for the modeler. In a system modeled with continuous stratification, the close packing of density surfaces necessitates high resolution in both horizontal and vertical directions, which, because of the wandering nature of the front, needs to be implemented over large areas of the computational domain. Insufficient resolution causes undesirable diffusion and acts to smear the front over time. On occasions, computational limitations have led to sacrifice variation in one horizontal direction for the benefit of high resolution in the vertical [e.g., Adamec and Elsberry, 1985] . In contrast, layered models with outcropping interface(s) allow true discontinuities but at the cost of different sets of equations on opposite sides of outcrop lines (fewer equations on the side where there is one less active layer). As a result, much of the present knowledge on frontal instabilities has been derived from theoretical studies. However, these typically rely on a host of simplifying assumptions such as infinitesimal-amplitude perturbations on a simple basic state [e.g., Paldor and Ghil, 1990 , and references therein] or asymptotic dynamics [Stern, 1980; Cushman-Roisin, 1986] . Numerical investigations of frontal instabilities based on layered models have traditionally avoided outcrops, even for fron-A critical procedure in the model is the transfer, at least once each way per time step, of information between the particles and the grid. Particle information is mapped onto the grid by tallying characteristics of the particles in each cell; this leads to relative weights binding (for that time step only) every particle to its neighboring grid points; these weights are used again later to interpolate gridded information at the particle locations during the reverse information transfer (for details, see Pavia and Cushman-Roisin [1988] and Cushman-Roisin et al. [1999] ). The chief advantage of the PIC method is its avoidance of tracking the outcropping line as it moves and distorts in time. In the model, the front is simply the envelope of the group (or groups) of particles, which is easily perceived by the eye upon the examination of a plot but which never needs to be constructed by the computer code.
Pavia and Cushman-Roisin [1988] developed the essential characteristics of the particle-in-cell algorithm for mesoscale oceanography. They, however, limited the physics to a reduced-gravity model in the asymptotic regime of the frontalgeostrophic dynamics (length scales substantially longer than the deformation radius). This restriction was later removed [Pavia and Cushman-Roisin, 1990] , and the primitive-equation model version was used to investigate the merging of anticyclonic lens-like vortices with particular attention paid to the filamentation process and the formation of satellite vortices. The model, however, retained a single moving layer and was therefore deprived of baroclinic instability. Extension to two moving layers was done by Mathias [1992] , and the incorporation of a lateral boundary (such as a coast) was later accomplished by Esenkov [1994] . A detailed description of the method and of its performance are given by Cushman-Roisin et al. [ 1999] .
The purpose of the present article is to demonstrate the flexibility and usefulness of the two-layer PIC method in simulating various mesoscale frontal dynamics. Of particular interest are the behavior of elongated vortices, vortex interactions such as merging, and the variability of coastal currents with offshore front.
Model
We consider a two-layer system of inviscid and incompress- (11)). The two layers are thus fully interacting despite the quasi-geostrophic reduction of the dynamics in one of the two. The PIC method is fully described by Cushman-Roisin et al. [1999] and is only briefly summarized here. The upper-layer fluid is dissected into a large number of material particles, and every particle is assigned a volume, which remains constant, a vector position, and a vector velocity, which both vary over time. In contrast, the lower layer is represented by a gridded distribution of its potential vorticity. Because all particles retain their volume, no volume is gained or lost, and the upperlayer continuity equation, (8), is automatically satisfied. The position is updated in time by the velocity, while the velocity is updated by Newton's law (mass x acceleration = sum of forces). There are two forces: the Coriolis force (which is easily included, since it is an immediate function of the particle's velocity and of its position if the Coriolis parameter is spatially varying) and the pressure-gradient force (which is the chief difficulty because it is through it that particles interact with one another). To calculate the pressure-gradient force, the method calculates first the upper-layer thickness h • on a fixed square grid as the total volume of particles in a grid cell divided by the cell area. Next, it determines the upper and lower pressure distributions on the same grid: P2 by integration of (10) from the current potential-vorticity q2 and the just acquired thick-ness field h i and then p 1 by the hydrostatic balance (11). Next, 60 (9) is used to march q2 in time. Finally, the gradient of p 1 is calculated on the grid and interpolated at the particle sites, so providing the pressure-gradient force on every particle. The Jacobian operator in (9) is discretized according to the Arakawa scheme B [Arakawa and Mesinger, 1976] , while the up-40 dating of positions and velocities is performed with an AdamsBashforth scheme [Schwarz, 1989] . The time step is chosen so --• 30 that no particle is moved in a single step over a distance greater ff than one tenth of the grid size. 
In these expressions appears the internal deformation radius
The initial lower-layer potential vorticity q 2 is simply a gridded sample of a given analytical function (equals 0 in most experiments). In all runs, we use N = 5000 particles per vortex and a 60 x 60 square grid, on which we impose doubly periodic boundary conditions.
Partial Axisymmetrization of Elliptical Vortices
The purpose of this first series of experiments is to study the evolution of elliptical vortices in a two-layer model. Satellite To test further the relevance of the large-size, reducedgravity stability theory to the finite-size, two-layer case, we performed an additional run with a vortex of initial aspect ratio 3/= 1.6, which lies below the theoretical threshold value. Except for leaving a very thin trail of particles as it rotates, the eddy retained its shape after two full rotations.
Another observation stemming from our experiments is that smaller vortices rotate faster than the larger ones ( Figure 5 ). The one-layer model [Cushman-Roisin et al., 1985] predicts eddy rotation rates decreasing like the negative fourth power of the eddy radius. While this relation is borne in the •3 --0 limit, simulations with finite lower-layer depths reveal a less precipitous drop in rotation rate with increasing size. In addition, we note that the initial rotation rate of the vortex increases almost linearly with •3, i.e., the thinner the lower layer, the faster the vortex rotation. This is in complete agreement with the theoretical findings of Cushrnan-Roisin and MerchantBoth [1995] .
Other factors may influence the rotation rate of the vortex besides its size and the layer-thickness ratio. For example, an imbalance between centrifugal, Coriolis, and pressure forces in the initial state causes a pulsation of the eddy which, in turn, may affect its rotation rate. Another possible agent is friction. The study of these additional processes is left for further studies.
Horizontal Interaction of Two Circular Vortices
In a second series of experiments, we explore the horizontal interaction of two frontal vortices, which may or may not include a merger of the two vortex cores. We do so by initializing the model with two identical circular anticyclonic lenses placed some distance apart. This problem is pertinent since numerical simulations of quasi-two-dimensional turbulent flows [e.g., . Although these investigations have been conducted with much attention paid to accuracy, it nonetheless remains that they are fundamentally restricted by the underlying quasi-geostrophic assumption of small vertical displacements, and it is unclear whether, or to which extent, the results can be extrapolated to frontal vortices, with outcropping interface.
The particular study of the merging of lens-like vortices (with outcropping interface) begun with a theoretical argument indicating that spontaneous coalescence of such vortices was energetically prohibited [Gill and Griffiths, 1981 ]. This conclusion is contradicted by the observational evidence [Gill and Griffiths, 1981] as well as laboratory evidence [Griffiths and Hopfinger, 1987] . The paradox was resolved by CushmanRoisin [1989] , who noted that the rejection of core fluid by the process of filamentation yields a final state that consists in more than a single, compound vortex. When account is made for the volume, angular momentum, and energy contained in the surrounding filaments, the merger event is no longer found energetically prohibited. However, this theoretical study only considered initial and final states, leaving undocumented the actual evolutionary pathway.
To date, the only existing numerical study detailing the process of merging of two lens-like anticyclones is that of Pavia and Cushman- . This study was based on an earlier, one-layer version of the present PIC model and confirmed the spontaneous character of frontal-vortex merger and the crucial role played by filamentation during the process. We now extend this study to include the influence of an active second lower layer. In particular, we investigate how the minimum distance between initial vortices required for merging depends on the layer-depth ratio (a crude measure of the ambient stratification). In essence, this extends the recent study by Valcke and Verron [1997] 
Coastal Buoyancy Current Simulations
Coastal buoyancy currents are quite common in the oceans. Most occur because horizontal density differences (associated with coastal processes) and Coriolis effects combine to pro- Our present interest is in discerning the possible outcomes under varying parameters (current width, frontal strength, etc.). Because we are not interested in the behavior of the nose of a progressing coastal intrusion (which this model is able to simulate, but which we defer to a further study), we shall assume that the coastal current preexists and occupies the entire length of the coastline and moreover that it is initially in steady geostrophic balance.
For our experiments with a coastal boundary, we choose a rectangular channel bounded by vertical walls at 
We then assign initial velocity components to every particle by requiring that the current be initially in geostrophic equi- ality between h/a and Bu 2/2 is clear in our simulations, but the dependency of h/a on/5 is more difficult to establish, for it does not clearly follow a power law; a rough fit yields proportionality to 8 -n with n = 0.5 _+ 0.1, significantly different from n = 0.25 found by Griffiths and Linden [1982] . This matter demands additional investigation.
Conclusions
We applied an augmented, two-layer version of a particlein-cell (PIC) method to problems in mesoscale oceanography in which the interface separating two layers of constant density intersects the surface along one or several fronts that distort Finally, we briefly explored the instabilities of a buoyant geostrophic current along a coastal wall and with an offshore front. Not surprisingly, we found a similar dependence of the most unstable wavelength on the basic flow parameters (via a Burger number and a depth ratio) to that reported by previous authors from laboratory experiments and oceanographic observations.
The preceding simulations form but a small sample of what can actually be simulated with the PIC method. Because the Coriolis force is computed for each particle at its current site, beta-plane cases can easily be treated by making the Coriolis parameter dependent on the spatial coordinates. Westward drift and Rossby-wave radiation can then be studied for frontal lens-like vortices. Other simulations could be devoted to the stability of lens-like vortices of radial structure other than parabolic. In particular, one could investigate the importance of a relative-vorticity profile that is nonmontonic in the radial direction (so-called shielded vortices). Still with only minor changes to the code, one could study the formation and development of a buoyant coastal intrusion by initializing the system with no upper layer and steadily injecting buoyant particles in one or several cells along the wall.
Finally, further extensions and generalizations are eminently possible. First, one could remove the quasi-geostrophic (QG) approximation made to the lower layer. This can be done by using an existing finite-difference code for two-dimensional (barotropic) flow over arbitrary topography, where the topography here happens to be the instantaneous thickness of the upper layer. Likewise, the inclusion of bottom topography, with or without removal of the lower-layer QG approximation, would be straightforward. Extension to more than two layers is also immediate, regardless of how many terminate at intersections of density interfaces within the domain. One simply has to treat all such layers with the PIC approach and all others with a conventional code; coupling between layers will naturally occur in the diagnostic relations extending the geometric constraint (4) and hydrostatic balance (5) 
